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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

4 )
Fermis Golden Rule for scattering process: Born approximation

Fig. 2.1 Coordinates of nucleus and neutron.

| Scattered neutrons: E’, &’ |
ds / Final state
of sample: 1’

dQ Jth nucleus

Neutron

¢

=X

%l

Incident |
neutron ﬂllX: R )
$, E. Kk /
Sample: neutron experiences potential V(r) Origin

Initial state
of sample: A

A=A k! in dQ)
r 2m I |17 2
> Wiasww = o [(F |V kX))

(K'N' |V EXN) = f VvV pdrdR

Challenge: Rewrite this mixed expression in terms of sample properties

J
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule
4 )

1t step: Box Normalization to calculate p,

Element
of volume
k*dk dO

EA) |

do Ko7 om \2
—_— — E'X |V
(dﬂ?)ﬁ_ﬂ, k (Qwﬁ,) A ‘
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

4 )
2" step: Energy conservation

dAQQd E E \2mh

12 ko
(‘fg ) - (m) (KN |V EN2S(Ey — Ex + E — E')
A=A

/fj(EA—EN—FE—EI) —

3 step: Integration with respect to neutron coordinate r

ikR; 4 . I
e 3'| A) Vi(r) = f"'ﬁj ()€™ da;
K = 11 — 117!

N VIR = Vi(r) (N
J

Interaction = Fourier transform of the potential function
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

4 )
4t step: Ansatz: Delta function potential for single nucleus

V(r) =ad(r)

I h?

!

Fermi pseudopotential: V' (r) = bo(r)

> b can be bound or free scattering length!

) Fermi pseudopotential does NOT represent physical reality

2
dgg ‘ELJ . - ] | |
(dﬁdE-f)A_}N =% ;bj (K'N || kX)| 6(Ex — Exy + E — E')
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sk | | MLZ
=, Forschungs-Neutronenquelle Tntegral Representation of Delta Function

Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

(- )

5t step: Integral representation of the delta function for energy.
Idea: Stick all the time dependence into the matrix element

1
2mh

5(Br—Ev +E—E') = ] BBt/ gietgy

H is the Hamiltonian of the scattering system with
Eigenfunctions A and Eigenvalues E,

H|\) = Ex|X)
d*c R, Ht/h irR, '
—iK ¥ E 1K —‘Eu..- dt
(dﬂdE’)A_ﬂ, % hh Zb br / (Ale
No terms of A and A' outside the matrix element anymore!
. J
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

4 )
6t step: Sum over final states, average over initial states
) We use: > (AJAIN)(X[BIA) = (A|AB|)
/\lf
—Ex
Py = 7€ kot
(A) = (AA]N)
A
) Stick the time evolution into the operator for the  R; (t) = /" R;e~"""/"
position Rj
d?o o1 . o o |
_ bib E—LHHJr[ﬂ]E—lﬁHj[f] E—imtdt
dQdE"  k 2nh %: T _m< >
Correlation function
.
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

4 )
Assume a large sample with statistically variations of bj

) No correlations among b:  b;b; = (b)%,5' £ j

Double differential crosssection spilts up into two terms:

d2a oo k! . - y
— — p— E —1iK —lh. '-j_i""'l _ 1}:‘-
( flﬂ hlEf ) coherent ﬂ_ ’E‘ 2Th / <€ g > ‘ '

d20 ook RO O i
- . — 1K 1K . 1 11’_
(dﬂ EflE" ) incoherent ?T ,Il 2Tﬁ Z / < > € (

_ — —2
Tcoh. = 4’”52 Tinc. = 4’”{52 —b)
\_ _J
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Reminder: Coherent and Incoherent Scattering, Fermis Golden Rule

( )
Coherent Incoherent
Spatial and temporal correlations  Spatial and temporal correlations
between different atoms between the same atom
@Interference effects: :> Constant in Q
[D)Given by average of b ) Given by variations
Bragg scattering in b due to spin,
disorder, random
atomic motion....
.
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Reminder: Elastic Scattering, Diffraction on Crystals

( Starting point: Coherent elastic cross-section A

d*c K1 > B (0) kR y

_ § 1 —ikR (0) ,—ixR, (1) —iwt
dQd E? k 2mh — biby / .<E c >E d
3.3’ Cee

Sample: Single X-tal in thermal equilibrium, consider static correlations!
do *  d2g . -
[ d(hw) =) by (el
Jsd’

R dQdE’

LT o]

Drop the operator formalism for R,as we look at static correlations

d'l'_T _ {b)ﬂ Z E_iﬁ(R;’_RJJ
dﬁcﬂh.ef — . T
7" E>Informat|on on the position of the atoms

do - )
T =B =) Y e = N((b?) - (1))
=7 E>Isotropic, constant elastic background |

\_
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Reminder: Elastic Scattering, Diffraction on Crystals
(" )
What we used: Our sample is a periodic crystal!
Fig. 2.1 Coordinates of nucleus and neutron,
Neutron c v
h ) h
&
Jth nucleus
% D D
Origin
Crystal= Basis+lattice
d_ﬂ- _ (E;.)Q "\'Tﬂ EiET — — —
A voh el : ET: ' with Rjr — RJ =T
3
| a2 n -
Lattice sum: E > = . o(FK —T)
Real space lattice Reciprocal space lattice
\_ J
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Reminder: Elastic Scattering, Diffraction on Crystals
\

g (2
)
i Ok —T)

Lattice sum:/XZ/
l \

Real space lattice Reciprocal space lattice

do {QT b)?
Braggs law: Aot N Zé(ﬁ —T)

@Scattering occurs when kK meets a vector of the reciprocal lattice T

:>Reciprocal lattice vectors T are perpendicular to a corresponding

lattice plane indexed by the Miller index (h,k,l) and 9
dipppy =

=

| Th ke.q |

J
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Reminder: Elastic Scattering, Diffraction on Crystals, Structure Factor
. . — — — \
More than one atom in the unit cell: 7 _ [+ d,
O O O
© © © [; Position of the j-th unit cell
d, Position of the a-th atom in
the unit cell
2
do (2m)? -
— =N bae' ™ §(R—7
dS2 coh.el v (&) Z d Z { )
i T
g, — Z b.eiRd  Structure factor (sum
" - over one unit cell)
. W,
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Reminder: Master Formula for Neutron Diffraction
\

Going from operator to standard vector notation of R

E>Neg|ect thermal vibration of atoms around their equilibrium position

OW (R) = %H?(u?)

Debye-Waller factor describes mean dispalcement <u?>

E> Final result for elastic coherent scattering on crystals

N g K —
W~ N0y € 2 IS OE =)

///“/ ~

Normalization Debye-Waller Structure factor Bragg positions

Physics with Neutrons I, WS 2015/2016, Lecture 11, 11.1.2016



FRM II
Forschungs-Neutronenquelle
Heinz Maier-Leibnitz

A

Monochromatic vs. TOF vs

. Laue

ML Z
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Reminder: Diffraction techniques

\_

(
Monochromatic Time-of-flight Laue (polychromatic
beam (TOF) beam)
Reflections at same ultilayer 4 mage plate  Beam sto
001l 101 T mﬁfﬁhﬂﬁ:ﬁm&m w,:vel%elaétef: Ehi(elding Lefegrin':“ b shp
-100 | 000 II‘II 100 | 200 Seconda K ) Adjustable
I". beam shung; diulphrugm Sample
00-1
=
Ewald construction Ewald construction for [> Essentially white beam
Less intensity [>each wavelength in the [> More Bragg peaks (not
[> Rocking curve gives beam stronger)
intensity of Bragg peak Rocking curve distributed Hard to get intensities
Clean data in time and detector Large background
[>Waste less neutrons

~\
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Reminder: Ewald construction for single crystal diffraction
(" )

Ewald construction:

:> Sphere around center of crystal
(in real space)

Origin of reciprocal space on
transmitted beam at the edge
of Ewald sphere

~100 | 000 |

Rotation of crystal (real space)
00-1 E> corresponds to a rotation of
reciprocal space
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Basic idea: Phonons in a linear chain

2n-2 Zn-1 Zn 2n+1
O
m
et
Uan.z Uzn Ua, Uznst
—— a0 X 4 X 4 X 4 % 4+ %
23 = + — | acouslic
S N ¥ i = | optic branch
[ T
q=0
I 25 oplic é i é 4 él t ‘ A i
w I M
|
|
I
| g=n/2a Q\
: acoustic branch aouusnc
/{2a) 0 7/(2a)
B g=rv2a /_/0\0
aplic O\v/k/
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Properties of Phonons
4 N

optic branch

acoustic branch

| -~ ;
7 /(2a) 0 m/(2a)

Collective excitation of atoms

“Live” in the first Brillouin zone

Description as dilute, non-interacting phonon gas”
Quasiparticles (3N phonons for N atoms)

Follow quasi-continuous dispersion relation

Obey Bose-Einstein statistics (specific heat!)

3P phonon branches (3p-3 optical, 2 transverse acoustic,
1 longitudinal acoustic for P-atomic basis)

QM picture (raising and lowering operator)
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Inelastic scattering: Phonon dispersion

4 )
diamond: fcc, basis: (000), (2 % Va) , T = 296 K, shell model fits
1 lLoi - I I T T
4
Aj0) 5 LOA|(O]

> — [} r ;sz
2 3 TOpore X 10, 3814
N fao- = %
m» =
- ©
I ot
% 3 A, (A) X
~ > 1.5 4 3
s 2 LA /2

1Y}
S 3
o

oy =
s &9 AR
N TA

05— -
0 I 1 | I :
0 2 4 6 .8 10 ¢
(0ol
After: J. L. Warren et al., Phys. Rev. 158, 805 (1967).
For X-ray data see: E. Burkel, Inelastic Scattering of X-Rays with Very High Energy Resolution, Springer Berlin (1991)
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Reminder: Phonon DOS, specific specific heat, Debye approximation

4 )
1500
Diamond ..
T 1000 o] . —
E
WA LA AR C
AN LN S
% 500 1 -
g(w) not Debye like!
0
I K X I L X W L DOS —=
Wavevector g
Van Hove singularities are kinks or discontinuities in the
density of states due to flat portions of the dispersion curves.
- J
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Inelastic scattering: Cross-section for phonon emission/absportion

4 . )
Time dependendent position operator R;(t) =1, + u,(t)

d?o K y 7
1Q-(Li—1,1) ——zQ-uj;(O) 1Q -0 (t)\ ,—wwt 3.
T S zthb bre [ <. e Ve~ tdt,

Dlsplacement expressed in terms of normal mode (QM harmonic oscillator)
€s 1 w —|1q-lj —w
— / Z (q as (q)etlati—ws(a)tl 4 4 T(q)e el s(q)t])

Ladder operators of QM oscillator Bose-Einstein statistics of phonons

0y (q)An) = vn + HAnt),

as(@) ) = fp\n 2. nata) = (e (Z22) -1)
<)\n|&s(Q)a’s (@)|An) = ns(q) + 1
(i (@) (@A) = () )

\_
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Inelastic scattering: Cross-section for phonon emission/absportion
4 Abbreviaton of the exponents h
2 N - " ,\ h Q ] e-S(q) 1
A=—1Q u;(0) = “Zg (as(q)as(q) + QS(Q)G:(Q)) as(q) = SMN ;q ) ey,
B =1Q u;(t) =) (As(a)as(a) + 0:(a)af (@), _ ] Qe gt —aniar

Taylor expansion of the time evolution
i £ A 1 -.2 1
e Bl =14 (AB) + S(AB) + -+

Elastic scattering (+ Debye Single phonon processes
Waller factor)

Write linear term in term of sample properties (QM harmonic oscillator!)

AnlABIA) = Ol Y los(@)B: (@)as(@)ad (g)+a()Bs(@)aT (a)as(a)]|An)
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FRM II |
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Inelastic scattering: Debye Waller factor: Aluminium/Lithium

4 )
G. Pankow, Helv. Phys. Acta 9, 87 g 5
10 - (1936) 0K s
9 ithi no Bragg at 293 K
8 gy = Wt g e e g B e B b b .SE‘O_QQW Ilthlum T 293 K
FIS s S e BB T B A z
6 " e .LNGH i
Ty ta S, ki
: ‘\,‘_.. ~, - \.,,ﬁ_'\ ' | : . 8
@ . x.‘. ] m,_\ (600) B — E | i | i : i I
= "{ e "‘m" I 1 i ! | - | L |_.I_ ] 1| 1
54 N Ses; . [ L | & RS
5 N\ R
E \’ \‘\0
:@- 3 \o \:\.
2 hN N800
5 ‘\o .\ Ty i
£ \ N odi Bragg reflection:
) N periodic: 11+ zero phonon line
. \ b P /
aIJmln\um | N z FS0K
(fce) \,{10,00} g
g,= 428 K “
N
1 ; thermal diffuse scattering
50 100 180 200 250 300 350 R |
| TCK ] ¢
Bragg angle
. J
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f=) fmuoimeae Reminder: Inelastic scattering ML Z
Master formula for coherent inelastic scattering
\

r

Consider only coherent scattering (j#j')
d*c 1 K5 awo) v (Qesq))?
dQdw ~ 47M Ea’ Z ws(q)

l — OO0

n C_I)ZGZ(Q_FQ)J/ dte——z(ws(q)-iﬂu)t} '
l —CQO

Convert integrals to delta functions using lattice sums (as for diffraction)

d*o drs K, —2W(Q) (Q - es(q))?
Flre Z ws(q)

dQ2dw ’U()M k

(1.0 + D50 - @) S26@ g ) Phonon

(@) ( S 5 B _ Phonon
+ns(q)d (w+w (Q))Z: (Q+gq T)} absorption
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A - - | Z
Forschungs-Neutronenquelle 5. Inelastic scattering

5 Inelastic scattering: Scattering ,triangle™ for inelastic scattering

4 h
| | |
Example:
phonon creation
b= 0,(q)
2 2
0 k> kf
\_ .
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Inelastic incoherent scattering: Phonon DOS

g Now consider incoherent scattering (j=j')
dzg kf 1 QW( oC 10
S SSR o Q) b2 (AB) —wjtdt
dQdw ~ k 27k Z 4 /_OO ‘ : |
Similar to the coherent part, only consider the linear term in the Taylor
expansion
2 /
d*o 1k (<b2> <b> _21,1/ Q)Z Q € (q
dQdw ~ 2M k ws(q)
X [(ns(q) +1)d (w —ws(q)) + ns(q)é (w+ ws(q))]
Phonon Phonon
emission absorption
. .
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Inelastic incoherent scattering: Phonon DOS

g Compare to coherent part: A
Energy conservation is fulfilled
No momentum conservation is fulfilled
E>AII phonons with energy coscontribute!
=g - 1V
oy () — ) ¥
dQdw 4M k
2, 9(w) hw
) ENTA th %1
(@ es(@)) - L2 feoth 1]
o0
With phonon DOS g(o) / g(w)dw = 3N
0
. g
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Inelastic incoherent scattering: Phonon DOS
( . : . )
For a (cubic) Bravais lattice only
d?o 1 -k

’ m2) - W(Q) )2
0ds = T2 F W) — (b)) e ¢

g(w) hw
aey +11|.
i ¥ [‘mh kg T ]

7001

v, Y,
vr Vv ev

[ T=42K ® C.H,(COOH),| ]
| » CgH,(COO0D),
600 - v C;D,(COOH) |7
| 4 C,D(CO0D) 1
< soog ..."“‘ oo, _
E> Inelastic incoherent scattering directly & XN "y
measures phonon DOS g() E .
é 300re *° Ko e
E ... = ..
E 200:—? “oe, %,
100; ',w“'vww "v“" : o
o[ Asaasss

5 10 15 20 25

k Energy transfer [meV] )
| |
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