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The Debye-Waller factor is used in to describe the attenuation of coherent neutron scattering
caused by thermal motion:

fDWF = e−Q2〈u2〉/3 = e−2W (Q).

For a cubic Bravais lattice we can make the following approximation:

2W =
Q2h̄

6MN

∫
Z(ω)

ω
coth

(
h̄ω

2kBT

)
dω, (1)

where Z(ω) is the phonon density of states, M is the mass of the atom and N is the number of
atoms in the crystal.
Within the Debye approximation, when the velocity of sound is frequency independent, we can
express the phonon density of states for a cubic crystal with side length L by (in analogy with the
theory of the black body radiation):

Z(ω) =
1

2π2
L3

(
1

c3
L

+
2

c3
T

)
ω2. (2)

cL and cT are the longitudinal and transverse velocity of sound, respectively. The total number
of normal modes is 3N . Therefore, we can put:

3N =

∫ ωD

0

Z(ω)dω. (3)

ωD is the maximum frequency of the normal mode and θD = h̄ωD

kB
is the Debye temperature.

1. Find Z(ω) in terms of ωD using the equations (2) and (3) and the definition
3

c3
s

=
1

c3
L

+
2

c3
T

.

2. Calculate the asymptomatic behavior of 2W for T � θD and T � θD.

3. Copper crystallizes in fcc-lattice (a = 3.615 Å, ρCu = 8920 kg/m3, cL = 4760 m/s and
cT = 2320 m/s);

(a) Calculate θD and show that the obtained value is reasonable.

(b) Figures 1 and 2 show Z(ω) and the dispersion relation for copper, respectively (Nilsson
1973). What are the reasons of deviations to the Debye model?
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range 100-300K. The agreement between neu-
tron and calorimetric results is very satisfactory
but the general force model gives small but signif-
icant improvements over the AS model, as far as
the temperature variation of the Debye temperature
is concerned. The frequency distribution in Fig. 3
contains a systematic error for small frequencies,
which causes an error in OD at low temperatures.
When this deficiency is corrected, the Debye tem-
peratures obtained from this spectrum are also in
good agreement with the calorimetric experiments.
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FIG. 4. Phonon frequency distributions calculated
from the Born—von K6rm6n models. Full line is for
general force model; AS model is dashed.

ture variation of OD is shown in Fig. 5 together
with results obtained from calorimetric measure-
ments by Martin and Cetas et al. The anharmon-
ic contribution to the heat capacity at constant vol-
ume is assumed to be small, and this is supported
by the behavior of OD derived from calorimetric
measurements, which shows that the Debye tem-
perature is almost constant in the temperature

Our results are mainly for nonsymmetry direc-
tions, as the other frequencies are well known
from other measurements, but several phonons in
symmetry directions have also been measured for
comparison. The agreement between our frequen-
cies and those measured by Nicklow et al. at 49
K is generally very good, although we got some-
what higher values for the most energetic longitudi-
nal phonons. ¹icklow et al. studied the widths of
some phonons at 49 and 298 K. For q =0.9 in the
100 L branch they found phonons with a width of
18% at both temperatures Wit.h a Cu (420) mono-
chromator and Cu (220) analyzer we obtained an
estimated energy resolution of 3.0% for that pho-
non, and the observed width was 3.4/o, whichmeans
that the intrinsic width is probably less than 2% at
80 K. For the corresponding transverse phonon
our resolution was 2. 4%, the width of the observed
peak 3.0%, and the real phonon width about 1/o. At
both 49 and 298 K the widths for this transverse
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FIG. 5. Debye temperature as
calculated from the two frequency
distributions in Fig. 4 according to
the harmonic theory. Comparison
is made with calorimetric experi-
ments.
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Figure 1: Phonon frequency distributions
calculated from the Born-von Kármán
models.
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2 5
2 6
2 6
2 7
3 3
3 3
3 3
3 3
3 3

3 4
3 4
3 5
3 5
3 5
3 6
4 4

4 4
4 5
4 5
5 5

P)

4.38
3.90
4.18
4.29
2 72
2.98
8.44
8.81
4.09
3.05
8.84
8.69
3.95
3.46
3.68
3.99
3.78
3.23
3.40
3.62
3.43
3.55
3.41

5.52
4.99
5.24
5.36
2 72
3.03
3.46
4.08
4.76
3.32
3.70
4.15
4.70
3.96
4.20
4.60

3.23
3.43
3.86
3.54
3.80
3.41

6.85
7.06
7.01
6.94
6.24
6.63
6.88
7.08
7.08
6.94
7.07
7.13
7.12
7.20
7.18
V. 15
7.22
7.16
7.26
7.31
7.34
7.30
7.44

Squires' pointed out that if the forces are effec-
tively zero beyond a certain limited distance, it is
in principle possible to obtain all force constants
from a fit to the frequencies in the whole Brillouin
zone. Otherwise it is necessary to know also the
polarization of the phonons. j6

Born—von Karman models for general forces ex-
tending up to the eighth nearest neighbors were fit-
ted to the frequencies in Table I by a procedure of

successive approximations. Ne started with a
nearest-neighbor model and made a least-squares
fit to the experimental frequencies. Starting values
for the parameters were obtained from the elastic
constants. One neighbor in turn was added to the
model and a new fit was made in each case. From
the third-nearest-neighbor model the agreement
with experiment improved only slowly. Table II
gives values of the force constants for the best fit.
In Fig. 2 the first-neighbor model is represented
by the dashed curve. The average deviation from
the energies in Table I is l. 5%%uo. The full line is for
the eighth-nearest-neighbor model for which the
deviation is 0.6%.
The eighth-nearest-neighbor model was also fit-

ted to measured phonons only, and from the result-
ing force constants new values for the geometrical-
ly interpolated frequencies were calculated. The
agreement between the interpolated phonon frequen-
cies obtained from these two methods was quite
satisfactory.
One of our purposes in constructing the force-

constant model was to use its inability to give a
good fit at the Kohn anomalies for an investigation
of these. The Kohn effect in copper is very weak
but possible to observe. ' The exact position and
size of these small kinks may, however, be rather
difficult to point out, as one does not know exactly
how the dispersion curves and their gradients would
vary with the anomaly absent. %e hope that the

19model derived may be of use in this respect.
For comparison, an AS model was derived

where the fitting was restricted to frequencies in
the symmetry directions [100], [110], [ill], and
[0, 1, (]. The force constants obtained are pre-

FIG. 2. Dispersion curves
for Cu at 80 K. The dashed
curves represent the first-
nearest-neighbor model and
the solid lines the eighth-
nearest-neighbor model.
(The fit is made to all points
in Table I.)
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Figure 2: Dispersion curves for Cu at 80K.

4. Calculate the mean amplitude 〈u2〉 for copper at T = 20 K, 100 K, 500 K, 1000 K.

5. Estimate the attenuation in a neutron powder diffraction measurement with wavelength
λ = 1.188 Å of the (100) and (440) reflection due to the Debye-Waller factor (T = 200K).

6. Why do soft materials (e.g. polymers, biological matter) have a larger Debye-Waller
factor than hard materials (e.g. metals)?

What is the influence of mass on the Debye-Waller factor?

Happy non-denominational winter solstice period!
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